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Abstract
We consider relationships between Vandermonde sets and hyperovals. Hyperovals
are Vandermonde sets, but, in general, Vandermonde sets are not hyperovals. We give
necessary and sufficient conditions for a Vandermonde set to be a hyperoval. There-
fore, we provide purely algebraic criteria for existence of hyperovals. Furthermore, we
give necessary and sufficient conditions for the existence of hyperovals in terms of g-
functions, which can be considered as an analog of Glynn’s Theorem for o-polynomials.
1 Introduction
A finite set of t elements in a finite field is called a Vandermonde set if all power sums of
degrees up to t − 2 of these elements are equal to 0. We consider relationships between
Vandermonde sets [GW03; ST08] and hyperovals. Hyperovals are Vandermonde sets, but,
in general, Vandermonde sets are not hyperovals. We found an additional set of power sums
that their equality to 0 provides necessary and sufficient conditions for a Vandermonde set
to be a hyperoval. Therefore, we provide purely algebraic criteria for existence of hyperovals
in terms of power sums.
Usually hyperovals are described in terms of o-polynomials, and an alternative description
of hyperovals in terms of special g-functions are given in [Abd17; Abd19b]. We note that
g-function approach is more efficient in cases when o-polynomial looks very complicated,
in particular for Subiaco, Adelaide, Lunelli-Sce and sporadic O’Keefe-Penttila hyperovals
[Abd19a; Abd19c]. We give necessary and sufficient conditions for the existence of hyperovals
in terms of g-functions, which can be considered as an analog of Glynn’s Theorem [Gly89]
for o-polynomials. Provided conditions for existence of hyperovals are suitable for efficient
computer search.
The paper is organized as follows. We first recall in Section 2 preliminary results on projective
planes, affine planes and hyperovals. In Section 3, we show in Theorem 5 that hyperovals
are Vandermonde sets. In Section 4, we provide three new characterizations of a hyperoval
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via power sums of its points. These are summarized in Theorem 8 and Theorem 11. We also
describe examples of Vandermonde sets that are not hyperovals. In Section 5, we describe
conditions on g-functions and ρ-polynomials for the existence of hyperovals in Theorem 17
and Theorem 18. In Section 6, we consider the Gram matrix for the elements of a hyperoval.
2 Preliminaries
2.1 Polar representation
In our paper we consider finite fields of characteristics 2 only. Let F = F2m be a finite field
of order q = 2m. Consider F as a subfield of K = F2n , where n = 2m, so K is a two
dimensional vector space over F .
The conjugate of x ∈ K over F is
x¯ = xq.
Then the trace and the norm maps from K to F are
T (x) = TrK/F = x+ x¯ = x+ x
q,
N(x) = NK/F (x) = xx¯ = x
1+q.
The unit circle of K is the set of elements of norm 1:
S = {u ∈ K | uu¯ = 1}.
Therefore, S is the multiplicative group of (q+1)st roots of unity in K. Since F ∩S = {1},
each non-zero element ofK has a unique polar coordinate representation x = λu with λ ∈ F ∗
and u ∈ S. For any x ∈ K∗ we have λ = √xx¯ and u =√x/x¯.
One can define nondegenerate bilinear form 〈·, ·〉 : K ×K → F by
〈x, y〉 = T (xy¯) = xy¯ + x¯y.
Then the form 〈·, ·〉 is alternating and symmetric, that is, 〈a, a〉 = 0 and 〈a, b〉 = 〈b, a〉.
2.2 Affine and projective planes
Consider points of a projective plane PG(2, q) in homogeneous coordinates as triples (x :
y : z), where x, y, z ∈ F , (x, y, z) 6= (0, 0, 0), and we identify (x : y : z) with (λx : λy : λz),
λ ∈ F . Then points of PG(2, q) are
{(x : y : 1) | x ∈ F, y ∈ F} ∪ {(x : 1 : 0) | x ∈ F} ∪ {(1 : 0 : 0)}.
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For a, b, c ∈ F , (a, b, c) 6= (0, 0, 0), the line [a : b : c] in PG(2, q) is defined as
[a : b : c] = {(x : y : z) ∈ PG(2, q) | ax+ by + cz = 0}.
Triples [a : b : c] and [λa : λb : λc] with λ ∈ F ∗ define same lines. The point (x : y : z) is
incident with the line [a : b : c] if and only if ax + by + cz = 0. We shall call points of the
form (x : y : 0) the points at infinity. Then [0 : 0 : 1] indicates the line at infinity.
We define an affine plane AG(2, q) = PG(2, q)\[0 : 0 : 1], so points of this affine plane
AG(2, q) are {(x : y : 1) | x, y ∈ F}. Associating (x : y : 1) with (x, y) we can identify points
of the affine plane AG(2, q) with elements of the vector space V (2, q) = {(x, y) | x, y ∈ F},
and we will write AG(2, q) = V (2, q). Lines in AG(2, q) = V (2, q) are {(c, y) | y ∈ F} and
{(x, xb + a) | x ∈ F}, a, b, c ∈ F . These lines can be described by equations x = c and
y = xb+ a.
We introduce now other representation of PG(2, q) using the field K. Consider pairs (x : z),
where x ∈ K, z ∈ F , x 6= 0 or z 6= 0, and we identify (x : z) with (λx : λz), λ ∈ F ∗. Then
points of PG(2, q) are
{(x : 1) | x ∈ K} ∪ {(u : 0) | u ∈ S}.
For α ∈ K and β ∈ F we define lines [α : β] in PG(2, q) as
[α : β] = {(x : z) ∈ PG(2, q) | 〈α, x〉+ βz = 0}.
Pairs [α : β] and [λα : λβ] with λ ∈ F ∗ define same lines. The point (x : z) is incident
with the line [α : β] if and only if 〈α, x〉 + βz = 0. The element u∞ = (u : 0), u ∈ S, will
be referred to as the point at infinity in the direction of u. So [0 : 1] indicates the line at
infinity.
We define an affine plane AG(2, q) = PG(2, q)\[0 : 1], so points of this affine plane AG(2, q)
are {(x : 1) | x ∈ K}. Associating (x : 1) with x ∈ K we can identify points of the
affine plane AG(2, q) with elements of the field K, and we write AG(2, q) = K. Lines of
AG(2, q) = K are of the form
L(u, µ) = {x ∈ K | 〈u, x〉+ µ = 0},
where u ∈ S and µ ∈ F (cp. [Bal99, subsection 2.1]).
Throughout the paper, we will consider these two representations of the projective plane
PG(2, q), and for each of such projective planes we consider a fixed affine plane AG(A, q)
described above. They will be written as AG(2, q) = V (2, q) and AG(2, q) = K.
2.3 Hyperovals and representations
In the projective plane PG(2, q), q = 2m, an oval is a set of q + 1 points, no three of which
are collinear. Any line of the plane meets the oval O at either 0, 1 or 2 points and is called
exterior, tangent or secant, respectively. All the tangent lines to the oval O concur at the
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same point N , called the nucleus of O. The set H = O ∪N becomes a hyperoval, that is a
set of q + 2 points, no three of which are collinear. Conversely, by removing any point from
hyperoval one gets an oval.
By the fundamental theorem of projective geometry, any hyperoval of PG(2, q) is equivalent
to a hyperoval H containing the points (1 : 0 : 0), (0 : 0 : 1), (0 : 1 : 0) and (1 : 1 : 1).
Consequently we may write H in the form
H = {(t : f(t) : 1) | t ∈ F} ∪ {(1 : 0 : 0), (0 : 1 : 0)},
where f induces a permutation of F such that f(0) = 0 and f(1) = 1. By applying Lagrange’s
Interpolation Formula, it can be shown (cp. [Hir98]) that f can be expressed uniquely as a
polynomial of degree q − 2 over the field F . The permutation polynomials which arise from
hyperovals in this way are called o-polynomials (cp. [Che88], [Che96]).
As described in [Abd19b], the hyperoval H can also be represented in PG(2, q) using the
field K as
H =
{
u
g(u)
| u ∈ S
}
∪ {0},
for some function g : S → F . If g(u) = 0 then we assume that u/g(u) = u∞ is the element
at infinity in the direction u. Such a function g : S → F is said to be a g-function. We can
assume g(u) 6= 0 for all u ∈ S, by taking in place of g(u) an equivalent function g(u)+ 〈c, u〉
with appropriate c ∈ K, cp. [Abd17]. Furthermore, we can assume that
g(u) = a0 + a1u+ · · ·aquq,
where a0 ∈ F2, ai ∈ K and aq+1−i = aqi for 1 ≤ i ≤ q/2.
In thesis [Deo15], following ideas from [FS06], the ρ-polynomials were introduced. We note
that the ρ-polynomials and g-functions are connected in the following way: g(u) = 1/ρ(u).
3 Hyperovals are Vandermonde sets
Definition 1. Let 1 < t < q. A set T := {y1, · · · , yt} ⊆ GF (q) is a Vandermonde set if
pik(T ) :=
t∑
i=1
yki = 0,
for all 1 ≤ k ≤ t − 2 (cp. [GW03; ST08]). The set T is a super-Vandermonde set if it is a
Vandermonde set and pit−1(T ) = 0.
Lemma 2 (cp. [ST08]). The Vandermonde property is invariant under transformations
y → ay + b, (a 6= 0) if and only if t is even or b = 0.
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Proof. We have pik(T ) :=
∑
i y
k
i = 0 for all 1 ≤ k ≤ t− 2. Denote T ′ the transformed T . For
1 ≤ k ≤ t− 2,
pik(T
′) =
t∑
i=1
(ayi + b)
k
= ak
(∑
i
yki
)
+ tbk +
t∑
i=1
k−1∑
j=1
(
k
j
)
ajyji b
k−j
= tbk +
k−1∑
j=1
((
k
j
)
ajbk−j
t∑
i=1
yji
)
= tbk.
The proof now follows.
Corollary 3 (cp. [ST08]). If T is a Vandermonde set containing the zero element, then
T\{0} is a super-Vandermonde set. In particular, if T is a Vandermonde set and t is even,
then for any a ∈ T , the translate T − a is a Vandermonde set containing the zero element.
Lemma 4. Let O = {y1, · · · yq+1} be an oval with points in GF (q2) and nucleus at 0. Then
O is a super-Vandermonde set of q + 1 points.
Proof. The set H := O∪{0} is a hyperoval. Let x 6∈ H . Since (x−yi)q−1 represents the slope
of line going through x and yi (cp. [Bal99]) and since every line going through x intersects
H at either 0 or 2 points, we have
xq−1 +
q+1∑
i=1
(x− yi)q−1 = 0.
This implies the polynomial
χ(X) = Xq−1 +
q+1∑
i=1
(X − yi)q−1
has at least q2 − q − 2 roots. On the other hand, the degree of χ(X) is at most q − 2, so
χ(X) must be the zero polynomial. This implies
pik(O) =
q+1∑
i=1
yki = 0,
for 1 ≤ k ≤ q − 1. Also,
piq(O) =
q+1∑
i=1
yqi =
(
q+1∑
i=1
yi
)q
= 0.
Therefore O is a super-Vandermonde set.
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Theorem 5. A hyperoval with points in GF (q2) is a Vandermonde set.
Proof. Let N be a hyperoval with points in GF (q2). Let N0 be a translation of N containing
0. Then O := N0\{0} is an oval with points in GF (q2) and nucleus at 0. By Lemma 4, O
is a super-Vandermonde set. Hence N0 is a Vandermonde set. By Lemma 2, N is also a
Vandermonde set.
4 Hyperovals and power sums of points
In this section, we consider the set H := {u/g(u) | u ∈ S} ∪ {0}. As noted in Section 2, we
can assume g(u) 6= 0 for all u ∈ S. We rewrite elements of S as S := {u0, u1, · · ·uq}. For
1 ≤ j ≤ q + 1, let yj := uj/g(uj). For 1 ≤ k ≤ q, let pik :=
∑q+1
j=1 y
k
j .
Lemma 6. A set N of q+2 points in GF (q2) is a hyperoval if and only if every line intersects
N at an even number of points.
Proof. If N is a hyperoval then every line intersects N at 0 or 2 points. Assume every line
intersects N at an even number of points. Let p be a point on N . Then the q+1 lines going
through p each contains at least one more point of N . Since there are only q + 1 points in
H\{p}, each of these lines contain exactly two points of N (including p). In particular, no
three points of N are collinear and so N is a hyperoval.
Example 7. Vandermonde sets of size q + 2 are not necessarily hyperovals. For q = 8, let
λ, µ ∈ F ∗ such that 1 + λ3 + µ3 = 0. Let
H := {0, 1, ω, ω¯, λ, λω, λω¯, µ, µω, µω¯},
where ω ∈ S such that ω3 = 1. Then H is a Vandermonde set but not a hyperoval, as the
line 〈1, x〉 = 0 intersects H at four points.
So from now on we will concentrate on sets of the form H := {u/g(u) | u ∈ S} ∪ {0}.
Theorem 8. The set H := {u/g(u) | u ∈ S} ∪ {0} is a hyperoval if and only if one of the
followings holds.
1. The equation
g(u) + 〈u, b〉 = 0 (1)
has an even number of solutions u ∈ S for each b ∈ K.
2. For each v ∈ S and 1 ≤ k ≤ q,
∑
u∈S
〈
v,
u
g(u)
〉k
= 0. (2)
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Proof. 1. If H is a hyperoval, then by [Abd19b, Theorem 4.4] the equation (1) has 0 or
2 solutions for each b ∈ K. Assume the converse. For v ∈ S, µ ∈ F , we want to show
the line L defined by
〈v, x〉+ µ = 0
intersects H at an even number of points. There are two cases depending on µ.
(a) µ = 0. Then L intersects H at two points 0 and v/g(v).
(b) µ ∈ F\{0}. Let b = v
µ
. We have
g(u) = 〈u, b〉 ⇐⇒ g(u) = 〈u, v/µ〉
⇐⇒ g(u) = 1/µ · 〈u, v〉
⇐⇒ µ = 1/g(u) · 〈u, v〉
⇐⇒ µ = 〈v, u/g(u)〉
⇐⇒ 〈v, u/g(u)〉+ µ = 0.
This implies the line L intersects H at an even number of points. The claim now
follows from Lemma 6.
2. Assume H is a hyperoval. Fix v ∈ S. For each µ ∈ F , the line 〈v, x〉 = µ intersects H
at either 0 or 2 points. In particular, the equation〈
v,
u
g(u)
〉
= µ
has either 0 or 2 solutions u ∈ S. This implies condition (2) is true for each v ∈ S and
1 ≤ k ≤ q.
Conversely, assume condition (2) is true for each v ∈ S and 1 ≤ k ≤ q. We will show
that every line 〈v, x〉 = µ intersects H at an even number of points. Fix v ∈ S. For
µ = 0, the line 〈v, x〉 = 0 intersects H at 0 and v/g(v). For each µ ∈ F\{0}, let
Uµ :=
{
u ∈ S\{v} |
〈
v,
u
g(u)
〉
= µ
}
.
We note that, for each 1 ≤ k ≤ q,
∑
u∈Uµ
〈
v,
u
g(u)
〉k
=
{
µk if |Uµ| is odd,
0 if |Uµ| is even.
Let Ω := {µ ∈ F\{0} | |Uµ| is odd}. Assume that Ω 6= ∅. Then
∑
u∈S
〈
v,
u
g(u)
〉k
=
∑
µ∈Ω
∑
u∈Uµ
〈
v,
u
g(u)
〉k
=
∑
µ∈Ω
µk = 0.
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Also, the sets Uµ partition the set S\{v} of size q, so that |Ω| is even. In particular, the
sum of the vectors (1, µ, µ2, · · · , µq−2), µ ∈ Ω, is the zero vector. On the other hand,
the Vandermonde’s determinant implies that these vectors are linearly independent.
Hence Ω = ∅.
We have shown that every line 〈v, x〉 = µ intersects H at an even number of points.
By Lemma 6, H is a hyperoval.
Lemma 9. The power of the bilinear form 〈·, ·〉 is given by
〈a, b〉k =
⌊(k−1)/2⌋∑
i=0
(
k
i
)
〈aiq+k−i, biq+k−i〉.
Proof. Assume k is odd. We have
〈a, b〉k = (aqb+ abq)k =
k∑
i=0
(
k
i
)
aiqbiak−ib(k−i)q =
k∑
i=0
(
k
i
)
aiq+k−ibi+(k−i)q
=
(k−1)/2∑
i=0
(
k
i
)
aiq+k−ibi+(k−i)q +
k∑
i=(k+1)/2
(
k
i
)
aiq+k−ibi+(k−i)q
=
(k−1)/2∑
i=0
(
k
i
)
aiq+k−ibi+(k−i)q +
(k−1)/2∑
i=0
(
k
i
)
ai+(k−i)qbiq+k−i
=
(k−1)/2∑
i=0
(
k
i
)(
aiq+k−ibi+(k−i)q + ai+(k−i)qbiq+k−i
)
=
(k−1)/2∑
i=0
(
k
i
)
〈aiq+k−i, biq+k−i〉.
Similar to the above, when k is even, we have
〈a, b〉k =
k/2−1∑
i=0
(
k
i
)
〈aiq+k−i, biq+k−i〉+
(
k
k/2
)
〈aiq+k−i, biq+k−i〉
=
k/2−1∑
i=0
(
k
i
)
〈aiq+k−i, biq+k−i〉,
since
(
k
k/2
)
is even.
To state the next theorem we define the following partial ordering  on the set of nonnegative
integers. If
b =
m∑
i=0
bi2
i and c =
m∑
i=0
ci2
i
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(where each bi and each ci is either 0 or 1), then b  c if and only if bi ≤ ci for all i (cp.
[Gly89], [OP91]). In other words, b  c if and only if all nonzero terms appearing in the
binary expansion of b also appear in the binary expansion of c.
Let
M := {(i, k) | 1 ≤ k ≤ q − 2, 0 ≤ i ≤ ⌊(k − 1)/2⌋, i  k}, (3)
and
D := {iq + k − i | (i, k) ∈ M }. (4)
Theorem 10. The set H := {u/g(u) | u ∈ S} ∪ {0} is a hyperoval if and only if pid = 0 for
all d ∈ D.
Proof. 1. We first prove that H is a hyperoval if and only if pid = 0 for all d ∈ D′, where
D′ := {iq + k − i | 1 ≤ k ≤ q, 0 ≤ i ≤ ⌊(k − 1)/2⌋, i  k}.
Fix 1 ≤ k ≤ q. For each v ∈ S, by Lemma 9, we have
∑
u∈S
(
〈v, u
g(u)
〉
)k
=
q+1∑
j=1
⌊(k−1)/2⌋∑
i=0
((
k
i
)〈
viq+k−i, yiq+k−ij
〉)
=
⌊(k−1)/2⌋∑
i=0
q+1∑
j=1
((
k
i
)〈
viq+k−i, yiq+k−ij
〉)
=
⌊(k−1)/2⌋∑
i=0
((
k
i
)〈
viq+k−i, piiq+k−i
〉)
=
∑
ik
0≤i≤⌊(k−1)/2⌋
〈
viq+k−i, piiq+k−i
〉
= Pk(v),
where P is the polynomial obtained from expanding the terms in the last sum. We
can assume Pk has degree at most q, as v
q+1 = 1.
The power of v in Pk(v) is either of the form k − 2i or q + 1 + 2i − k. If i 6= i′, then
k−2i 6= k−2i′, and k−2i 6= 2i′−k+q+1. Hence Pk(v) has the form Pk(v) =
∑
pirv
s.
By Theorem 8, H is a hyperoval if and only if Pk(v) = 0 has q+1 roots v ∈ S for each
1 ≤ k ≤ q. Equivalently, the coefficients of Pk are zeros, that is, pid = 0 for all d ∈ D′.
2. Since D ⊆ D′, if pid′ = 0 for all d′ ∈ D′, then pid = 0 for all d ∈ D. Conversely, we
let d′ = iq + k − i ∈ D′ and consider the two cases k = q and k = q − 1. In the case
k = q, there is only one possibility i = 0 and d′ = q. In particular, pid′ = 0 if and only
if pi1 = 0.
The case k = q − 1 occurs if and only if q − 1 | d′. This implies d′ = (q − 1)t for some
1 ≤ t ≤ q and
pid′ =
q+1∑
j=1
(yq−1j )
t.
9
The elements yq−1j are in S and pairwise distinct, so that the set {yq−1j | 0 ≤ j ≤ q} is
S and hence a Vandermonde set. It follows that pid′ = 0.
Therefore, pid′ = 0 for all d
′ ∈ D′ if and only if pid = 0 for all d ∈ D.
The theorem now follows from part 1) and 2).
For d ∈ D and l ∈ Z, if d′ ≡ 2ld (mod q2 − 1), then pid = pid′ . And so Theorem 10 can be
improved as follows. Let ∼ be the equivalence relation on D defined by x ∼ y if and only if
there exists l ∈ Z such that x ≡ 2ly (mod q2 − 1). Let
D := D/ ∼ .
Theorem 11. The set H := {u/g(u) | u ∈ S} ∪ {0} is a hyperoval if and only if pid = 0 for
all d ∈ D.
Remark 12. For q = 2m ≤ 128, the set D is given in Table 1.
Remark 13. For q = 4 and q = 8, from Table 1 it follows that H := {u/g(u) | u ∈ S}∪{0}
is a hyperoval if and only if it is a Vandermonde set.
Example 14. Vandermonde sets of the form {u/g(u) | u ∈ S} ∪ {0} are not necessarily
hyperovals either. For q = 16, let
g(u) = u16 + ωu12 + ωu11 + ωu6 + ωu5 + u+ 1,
where ω satisfies ω3 = 1. Let H := {u/g(u) | u ∈ S} ∪ {0}. Then pii = 0, for i =
{1, 3, 5, 7, 9, 11, 13}, but pi37 6= 0. This implies H is a Vandermonde set but not a hyperoval.
5 The coefficients of g-functions and ρ-polynomials
In this section we study the coefficients of g-functions for hyperovals. We start with the
following.
Lemma 15. For f, g ∈ K[x], f(u) = g(u) for all u ∈ S if and only if f(x) ≡ g(x)
(mod xq+1 − 1).
Proof. By the division algorithm, there exist r, h ∈ K[x] such that
f(x)− g(x) = h(x)(xq+1 − 1) + r(x),
where deg r(x) < q + 1. Then f(u) = g(u) for all u ∈ S if and only if r(u) = 0. This occurs
if and only if r(x) = 0, if and only if f(x) ≡ g(x) (mod xq+1 − 1).
For 1 ≤ k ≤ q, let
ek(X1, . . . , Xn) =
∑
1≤j1<···<jk≤n
Xj1 · · ·Xjk
be the elementary symmetric polynomial of degree k for variables X1, . . . , Xn.
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q Elements in D | D |
4 1 1
8 1,3,5 3
16 1,3,5,7,9,11,13,37 8
32 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 69, 73, 77, 85, 89, 147 21
64 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 33, 35, 37, 39, 41, 43, 55
45, 47, 49, 51, 53, 55, 57, 59, 61, 133, 137, 141, 145, 149, 153,157, 165, 169,
173, 177, 181, 185, 275, 281, 283, 291, 297, 299, 307, 313, 409, 425, 661
128 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 33, 35, 37, 39, 41, 43, 147
45, 47, 49, 51, 53, 55, 57, 59, 61, 63, 65, 67, 69, 71, 73, 75, 77, 79, 81, 83, 85,
87, 89, 91, 93, 95, 97, 99, 101, 103, 105, 107, 109, 111, 113, 115, 117, 119, 121,
123, 125, 261, 265, 269, 273, 277, 281, 285, 289, 293, 297, 301, 305, 309, 313,
317, 325, 329, 333, 337, 341, 345, 349, 353, 357, 361, 365, 369, 373, 377, 529,
531, 537, 539, 547, 553, 555, 561, 563, 569, 571, 579, 585, 587, 593, 595, 601,
603, 611, 617, 619, 625, 627, 633, 785, 793, 809, 817, 825, 841, 849, 857, 873,
881, 1093, 1095, 1107, 1109, 1111, 1123, 1125, 1127, 1139, 1141, 1301, 1317,
1333, 1365, 1381, 1587, 1619, 2341, 2349, 2381, 2405
Table 1: Set D in small fields
Lemma 16. ek(u1, . . . , uq+1) = 0 for 1 ≤ k ≤ q.
Proof. To simplify the notation, we let ek = ek(u1, . . . , uq+1). We consider the following
forms of the polynomial
f(x) = xq+1 − 1 =
∏
u∈S
(x− u) = xq+1 + e1xq + e2xq−1 + · · ·+ eqx+ eq+1.
Then we have ek = 0 for 1 ≤ k ≤ q.
We now recall the Lagrange’s Interpolation Formula (cp. [LN97] Theorem 1.71). For n ≥ 0,
let a0, . . . , an be n + 1 distinct elements of a field F , and let b0, . . . , bn be n + 1 arbitrary
elements of F . Then there exists exactly one polynomial f ∈ F [x] of degree ≤ n such that
f(ai) = bi for i = 0, . . . , n. This polynomial is given by
f(x) =
n∑
i=0
bi
n∏
k=0
k 6=i
x− ak
ai − ak .
Theorem 17. Let H := {u/g(u) | u ∈ S} ∪ {0}. Then H is a hyperoval if and only if one
of the following holds.
1. The coefficient of x2i−k+q+1 in gq−1−k(x) (mod xq+1 − 1) is zero, for each pair (i, k) ∈
M .
2. The coefficient of xk−2i in gq−1−k(x) (mod xq+1 − 1) is zero, for each pair (i, k) ∈ M .
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Proof. Since the coefficients of xk−2i and x2i−k+q+1 of gq−1−k(x) are conjugate, it is sufficient
to prove that H is a hyperoval if and only if the condition in part 1) holds. We can assume
g ∈ K[x] such that g(u) ∈ F for u ∈ S. From the Lagrange’s Interpolation Formula and
Lemma 15, for each k, modulo (xq+1 − 1), gq−1−k(x) has the form
gq−1−k(x) ≡
∑
u∈S
gq−1−k(u)
∏
v∈S
v 6=u
x− v
u− v .
Using Lemma 16, for u ∈ S, we have∏
v∈S
v 6=u
(x− v) = xq + uxq−1 + u2xq−2 + · · ·+ uq.
Also, ∏
v∈S
v 6=u
(u− v) = uq.
Then,
gq−1−k(x) ≡
∑
u∈S
[
ugq−1−k(u)(xq + uxq−1 + · · ·+ uq)]
=
q+1∑
i=1
(∑
u∈S
uigq−1−k(u)
)
xq+1−i
=
q∑
i=0
(∑
u∈S
u−igq−1−k(u)
)
xi.
By Theorem 11, H is hyperoval if and only if
∑
u∈S
(
u
g(u)
)d
=
∑
u∈S
(
u
g(u)
)iq+k−i
=
∑
u∈S
uk−2igq−1−k(u) = 0,
for each pair (i, k) ∈ M . This occurs if and only if the coefficient of x2i−k+q+1 in gq−1−k(x)
mod (xq+1 − 1) is zero.
Using the relationship ρ(u) = 1/g(u) we obtain the following.
Theorem 18. Let H := {uρ(u) | u ∈ S} ∪ {0}. Then H is a hyperoval if and only if one of
the following holds.
1. The coefficient of x2i−k+q+1 in ρ(x)k (mod xq+1 − 1) is zero, for each pair (i, k) ∈ M .
2. The coefficient of xk−2i in ρ(x)k (mod xq+1 − 1) is zero, for each pair (i, k) ∈ M .
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Corollary 19. If H := {u/g(u) | u ∈ S} ∪ {0} is a hyperoval, then the coefficient of xt in
g(x) is zero, for t ≡ 2 (mod 4) or t ≡ 3 (mod 4).
Proof. Assume H := {u/g(u) | u ∈ S} ∪ {0} is a hyperoval. We consider the special case
k = q − 2. We have
I := {i | (i, k) ∈ M } = {i | 0 ≤ i ≤ ⌊(k − 1)/2⌋, i even}.
This implies
{k − 2i | i ∈ I } = {t | 1 < t < q, t ≡ 2 (mod 4)}.
By Theorem 17, the coefficient of xt is zero in g(x) for t ≡ 2 (mod 4). The proof now follows
from the fact that the coefficients of xt and xq+1−t are conjugate.
6 Gram matrices
Following [FS06], consider an element i ∈ K with property T (i) = i+ iq = 1. Then K = F (i)
and i is a root of a quadratic equation
z2 + z + δ = 0,
where δ = N(i) ∈ F . Any element z ∈ K can be represented as z = x+ yi, where x, y ∈ F .
For z = x+ yi we have x = 〈i, z〉, and y = 〈1, z〉.
Note that if m is odd then one can choose i = ω, ω2+ ω+ 1 = 0. So if w ∈ K is a generator
of S then we can take i = ω = w(q+1)/3. From Theorem 8 we have the following.
Theorem 20. Let H := {yi | 1 ≤ i ≤ q + 1} ∪ {0}. Assume no two points yi, yj are on the
same line 〈v, x〉 = 0 for all v ∈ S. Then H is a hyperoval if and only if
q+1∑
j=1
〈yi, yj〉k = 0,
for each yi and 1 ≤ k ≤ q.
For each 1 ≤ k ≤ q, let MH(k) be the (q+1)×(q+1) matrix whose entries are (MH(k))i,j :=
〈yi, yj〉k. By Theorem 20, sums of elements in any column and any row of MH(k) are equal
to 0.
In the following we consider additional properties of the matrixMH(1), which we will denote
by MH .
Proposition 21. Let H := {yi | 1 ≤ i ≤ q + 1} ∪ {0} be a hyperoval. For each i, let ci, si
be elements in F such that yi = ci + sii. Without loss of generality, assume yq = 1 and
yq+1 = sq+1i.
Let MH be the (q+1)× (q+1) matrix whose entries are (MH)i,j := 〈yi, yj〉. The matrix MH
has the following properties.
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1. MH is symmetric and its diagonal entries are zeros. The trace of MH is zero.
2. MH has an eigenvalue µ = 0 of multiplicity q − 1. The corresponding eigenvectors are
vi = [0, . . . , 0,
i
1, 0, . . . , ci, si/sq+1]
T .
where 1 ≤ i ≤ q − 1.
Also, the determinant of MH is zero.
3. The characteristic polynomial of MH is P (x) = x
q−1(x + µ0)
2. In particular, MH has
exactly one non-zero eigenvalue µ = µ0 ∈ F of multiplicity 2.
4. The minimal polynomial of MH is Q(x) = x(x+ µ0).
Proof. 1. These follow from properties of the bilinear form 〈·, ·〉.
2. From Theorem 20, it can be calculated that MHvi = 0. Since the set of vectors {vi}
is linearly independent, µ = 0 is an eigenvalue of MH with multiplicity q − 1 and vi’s
are the corresponding eigenvectors. It follows that the determinant of MH is zero.
3. Since µ = 0 is an eigenvalue of multiplicity q− 1, the characteristic polynomial of MH
has the form
P (x) = xq−1(x2 + ax+ µ20).
Also since tr(MH) = 0, the coefficient a of x
q is zero. Hence P (x) = xq−1(x + µ0)
2.
This implies µ = µ0 is the only non-zero eigenvalue of MH with multiplicity 2.
4. The minimal polynomial Q(x) of MH divides P (x), so it has the form
Q(x) = xs(x+ µ0)
t.
Since MH is diagonalizable, s = t = 1 and so Q(x) = x(x+ µ0).
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